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We discuss two problems in set-theoretic topology: One is on the approxi-
mations to $\beta\omega$ by certain classes of metric-dependent compactifications of $\omega$ ,
and the other is on the critical cardinality of a certain selection principle of
open covers. We $\mathrm{w}\mathrm{i}\mathrm{U}$ observe the effects of $\mathrm{s}\mathrm{i}\mathrm{d}\mathrm{e}-\mathrm{b}\mathrm{y}$-side product forcing and
iterated forcing on those problems.
, .
0.1. [4, 5, 6] $\omega$ $\beta\omega$ , $\omega$
?*1 , ,
?
0.2. [9] $\mathrm{S}_{1}(T, \mathcal{O})$ , $\tau$- *2
, 1
. $\mathrm{S}_{1}(T, O)$ $oV$ .
cov(M) $\leq 0\mathit{0}\leq V$ 00 !
, , ,
.
$\mathrm{r}1$ , $X$ , , $\beta X$
. , $\beta\omega$ , $\omega$
? . , $\beta\omega$ , $\omega$
[5].
, , .
2 $X$ $\mathcal{U}$ $\tau$- , (i) $X$ $\mathcal{U}$ , , (ii) $X$
2 $x,$ $y$ , $x$ $y$ $\mathcal{U}$ , , $y$ $x$
$\mathcal{U}$ .
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$\mathbb{R}$ 2 $R$ , $R$ $\mathbb{R}^{2}$
. $\mathbb{R}$ 2 $R$ , $R$
. , $\mathbb{R}$ $X$ $R$
, (X, $R$) , , $\mathrm{c}\mathrm{f}(\mathrm{o}\mathrm{t}\mathrm{p}(X, R))$
, . 00 .
, , ( $\mathrm{C}\mathrm{H}$ : the continuum hypothesis, $\mathrm{c}=\aleph_{1}$ )
$\aleph_{2}$
, $Vo=\aleph_{1}$ . , $\omega^{\omega}$ 2 $\leq*$
(eventually dominating order) ,
$\leq^{\mathrm{r}}$
$\omega_{2}$ . ,
$\mathrm{b}=\aleph_{1}<\mathrm{c}$ . , $\mathrm{C}\mathrm{H}$ ,
(side-by-side product forcing) $\aleph_{2}$
, [2].
, $\mathrm{C}\mathrm{H}$ , (iterated forcing)
,
. $\mathrm{b}>\aleph_{1}$ .









, (i) $v\mathrm{o}$ , (ii)
, .
0.3. $\beta\omega$ $\omega$ ,
$\mathfrak{h}\mathrm{t}$ . $\mathfrak{h}\mathrm{t}=\infty$ . $*3$
$*3$ , , $\mathfrak{h}\mathrm{t}=\infty$ , $\lambda$
$\lambda<\infty$ , – . $\theta_{*}$ .
18
0.4. $\varphi,$ $\psi\in([\omega]^{<\aleph_{\mathrm{O}}})^{\omega}\text{ ^{}*4},$ $\varphi\subseteq\psi\Leftrightarrow\exists m\forall n>m(\varphi(n)\subseteq\psi(n))$
. $h\in\omega^{(v}$ , $\prod_{n<\omega}[\omega]^{\leq h(n)-1}$ $\Phi$ , $(\mathrm{i})\subseteq$ ,
(ii) $\forall f\in\prod_{n<\mathrm{t}v}h(n)\exists\varphi\in\Phi(f\subseteq\varphi)$ , $\Phi$
$\theta_{h}$ . $\theta_{h}=\infty$ . $\theta_{*}=\sup\{\theta_{h} : h\in\omega^{\omega}\}$
.
0.5. [9] $\mathit{0}\Phi\leq\theta_{*}$ .
0.6. (i) (ii) MA $+\neg$ CH (iii)
$J\mathrm{s}^{*5}$ , $\circ \mathit{0},$ $\mathfrak{h}\mathrm{C},$ $0\not\supset,$ $\theta_{*}$ .
, .
1 $\mathfrak{h}\mathrm{t},$ $\theta_{*}$
$g\in\omega^{\omega}$ , $S^{g}= \prod_{n<\omega}[\omega]^{\leq g(n)}$ . $S^{g}$ .
$g(n)=2^{n}$ $S^{\mathit{9}}$ $S$ .




1.1. $\kappa$ $\aleph_{2}$ . CH $\kappa$
, . X ,
$A\subseteq \mathcal{X}\cross \mathcal{X}$
$*6$ ( $A$ $\mathcal{X}$ 2
$\mathrm{r}4([\omega]^{<\aleph_{\mathrm{O}}})^{\omega}$ . $\omega^{\omega}$ $f$ , $\langle\{f(n)\}:n<\omega\rangle$
– . .
$\wedge 5\mathrm{C}\mathrm{H}$ , $\omega_{2}$
. $\mathrm{c}=\aleph_{2}$ .
$*6$ , $H(\aleph_{1})$ , . ,
. . , $\circ \mathit{0}=\aleph_{1}$
. [2] .
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\rangle . , $\mathcal{X}$ $\omega_{2}$ $\langle r_{\alpha} : \alpha<\omega_{2}\rangle$ ,
$\alpha\leq\beta<\omega_{2}$ $\langle r_{\alpha}, r_{\beta}\rangle\in A$
. $\mathrm{n}$
, $\theta_{*}=\infty$ , .
1.2. [3, Thmrem 2.2] $\mathrm{C}\mathrm{H}$ $\aleph_{2}$
, $\theta_{*}=\infty$ .
. $h\in\omega^{\omega}$ . 1.1 , $\mathrm{C}\mathrm{H}$ $\aleph_{2}$
, $00=\aleph_{1}$ . $S^{h-1}(= \prod_{n<\omega}[\omega]^{\leq h(n)-1})$
( ) $\omega^{\omega}$
, $S^{h-1}$ 2 $\subseteq$ . ,
, $S^{h-1}$ , $\subseteq$ $\omega_{2}$ . ,
$\theta_{h}$ $(\theta_{h}<\infty)$ , $\aleph_{1}$ .
, $\mathrm{c}\mathrm{o}\mathrm{v}(\mathcal{M})=\aleph_{2}$ , , [9]
cov(M) $\leq 0\mathfrak{d}\leq\theta_{h}$ , ’ $\theta_{h}=\aleph_{1}$
. , $\theta_{h}=\infty$
, t $=\infty$ . [4]
[5] .
, $\theta_{*}<\infty$ t $<\infty$ ,
. [6] ,
.
, add $(N)$ .
1.3. [1, Theorem 2.3.9] add $(N)$ , $F\subseteq\omega^{\omega}$ , $\varphi\in S$ ,
$f\in F$ $f$ $\varphi$ $F$ - .
, $1_{h}$ , .
1.4. $h\in\omega^{\omega}$ , $\downarrow h$ . $\Phi\subseteq S$ , $f \in\prod_{n<\omega}h(n)$ , $\varphi\in\Phi$
$f\subseteq\varphi$ $\Phi$ . $\text{ }=\sup\{1_{h} : h\in\omega^{\omega}\}$
.
, $h_{1}\leq^{*}h_{2}\text{ _{}h_{1}}\leq \mathfrak{l}_{h_{2}}$ .
20
$V$ $\mathrm{C}\mathrm{H}$ . $h$ $\omega^{\omega}\cap V$ , $\mathrm{P}$
*7(Laver property) , $V^{\mathrm{P}}$ $1_{h}=\aleph_{1}$
, .
, . $V$ $\mathrm{C}\mathrm{H}$ , $\langle \mathrm{P}_{\alpha},\dot{\mathbb{Q}}_{\alpha} : \alpha<\omega_{2}\rangle$
(proper forcing notion) , $\mathrm{P}=\lim_{a<\omega_{2}}\mathrm{P}$ ,
, $\alpha<\omega_{2}$
$|\vdash_{\mathrm{P}}$ “ $|\dot{\mathbb{Q}}_{\alpha}|\leq\aleph_{1}$ \supset $\dot{\mathbb{Q}}_{\alpha}$ $\text{ }$ $\text{ }-$ ”
*8, $V^{\mathrm{P}}$ $1=\aleph_{1}$ . , $\mathrm{P}$
, $h$ $\omega^{\omega}\cap V^{\mathrm{P}}$ , $h$ $\alpha<\omega_{2}$
$V^{\mathrm{P}_{\alpha}}$ , $V^{\mathrm{p}_{\alpha}}$ $\mathrm{C}\mathrm{H}$ ,
, $S\cap V^{\mathrm{P}_{\alpha}}$ $V^{\mathrm{P}}$
$\text{ _{}h}=\aleph_{1}$ . $*9$
, MA , ( $\downarrow h$ $h\in\omega^{\omega}$ ) $\text{ _{}h}=\mathrm{c}$
.
, , $S$ $S^{+}$ .
$S^{+}=\{\varphi\in S$ : $\lim_{narrow\infty}\frac{|\varphi(n)|}{2^{n}}=0\}$
, $S$ , $n$ (
) $S^{+}$ .
$1_{h}$ $S$ $S^{+}$ $\iota_{h}’$ . h $\leq$
. , $h\in\omega^{\omega}$ , $h^{*}\in\omega^{\omega}$ , $\text{ _{}h}’\leq$





$*7\mathrm{p}$ , $h\in\omega^{\omega}\cap V$ $f\in\Pi_{n<\omega}h(n)$ , $\varphi\in S\cap V$
$f\subseteq\varphi$ .
8 , , , ,
, .
$*9$ , $\text{ }\mathrm{p}$ $V^{\mathrm{P}}\models(\leq \mathrm{c}^{V_{\lrcorner}}$
. $\mathrm{P}$ , $V$ $h$
$\downarrow h$ .
21
1.5. $S^{+}$ add $(N)$ $\Phi$ , $\psi\in S^{+}$ , $\varphi\in\Phi$
$\varphi\subseteq\psi$ .
. $\varphi\in S^{+}$ , $\eta_{\varphi}\in\omega^{\omega}$ ,
$\eta_{\varphi}(m)=\min\{l<\omega$ : $\forall n\geq l(|\varphi(n)|<\frac{2^{n}}{m\cdot 2^{m}})\}$
. $\varphi$ $S^{+}$ , $S^{+}$ $\eta_{\varphi}$
. , $\eta_{\varphi}$ , $\varphi$ ( )
.
$\kappa<\mathrm{a}\mathrm{d}\mathrm{d}(N)$ , $S’$ $\kappa$ $\Phi$ . $\kappa=|\Phi|<\mathrm{a}\mathrm{d}\mathrm{d}(N)\leq \mathrm{b}$
, $\eta\in\omega^{\omega}$ , $\varphi\in\Phi$ $\eta_{\varphi}\leq^{*}\eta$ . $\eta$
. $m<\omega$ , $I_{m}=\{\eta(m), \eta(m)+1, \ldots, \eta(m+1)-1\}$
,
$\prod_{n\in I_{m}}[\omega]^{\leq\lfloor 2^{n}/(m\cdot 2^{n})\rfloor}=\{s_{m,i} : i<\omega\}$
( $r$ ).
$\varphi\in\Phi$ , $\tilde{\varphi}\in\omega^{\omega}$ : $m<\omega$ , $n\in I_{m}$
$|\varphi(n)|\leq 2^{n}/(m\cdot 2^{m})$ , $\tilde{\varphi}(m)=i\Leftrightarrow\varphi$ $I_{m}=s_{m,i}$ ,
, $\tilde{\varphi}(m)=0$ . , $\eta$ $I_{m}$ , $\varphi\in\Phi$
, $m<\omega$ $\tilde{\varphi}(m)$
. $*10$
$|\Phi|=\kappa<\mathrm{a}\mathrm{d}\mathrm{d}(N)$ , 1.3 , $\hat{\psi}\in S$ , $\varphi\in\Phi$
$\tilde{\varphi}\subseteq\hat{\psi}$ . $\hat{\psi}$ , $\psi$ , $m<\omega,$ $n\in I_{m}$
$\psi(n)=\cup\{s_{m,i}(n):i\in\hat{\psi}(m)\}$ ( , $n<\eta(0)$
$\psi(n)=\emptyset$ ). $\hat{\psi}$ $\psi$ , $\varphi$ $\overline{\varphi}$
, .
, $m<\omega,$ $n\in I_{m}$ ,
$\frac{|\psi(n)|}{2^{n}}\leq\frac{1}{2^{n}}$ . $\frac{2^{n}}{m\cdot 2^{rn}}$ . $2^{m}= \frac{1}{m}$
. $narrow\infty$ $0$ . , $\psi\in S^{+}$ . , $\tilde{\varphi}$
$\hat{\psi}$ , $\varphi\in\Phi$ $\varphi\subseteq\psi$ .
$\mathrm{r}\mathrm{l}0$ , $\varphi$ $I_{m}$ $\text{ }1$ , $\tilde{\varphi}(m)$
, $\tilde{\varphi}$ .
22
1.6. $h\in\omega^{\omega}$ , $n<\omega$ $h(n)>n^{2}$ .
add $(N)=\iota_{h}’=\kappa$ $lX^{*},$ $S^{+}$ $\subseteq$ $\kappa$ $\langle\sigma_{\alpha} : \alpha<\kappa\rangle$ ,
$f \in\prod_{n<\omega}h(n)$ $\alpha<\kappa$ $f\subseteq\sigma_{\alpha}$ .
. $\text{ _{}h}’$ $=\kappa$ , 15 ,
$\langle\sigma_{\alpha} : \alpha<\kappa\rangle$ .
, . , $\theta_{*}$ ,
$\mathfrak{y}\iota$ .
$H_{1},$ $H_{2}\in\omega^{\omega}$ , , $H_{1}(n)=2^{n}+1,$ $H_{2}(n)=2^{2^{(n^{4})}}$ .
, $\theta_{*}$ ,
.
1.7. add $(N)=\iota_{H_{1}}’$ $\theta_{*}=oV=\mathrm{a}\mathrm{d}\mathrm{d}(N)$ .
. $\kappa=\mathrm{a}\mathrm{d}\mathrm{d}(N)=\iota_{H_{1}}’$ . $S^{+}\subseteq S\subseteq S^{H_{1}-1}$ , 1.6 , $\theta_{*}\leq$
$\theta_{H_{1}}\leq\kappa$ . – , [9] , $\kappa=\mathrm{a}\mathrm{d}\mathrm{d}(N)\leq \mathrm{c}\mathrm{o}\mathrm{v}(\Lambda 4)\leq \mathit{0}V\leq\theta_{*}$
$\mathfrak{y}\mathrm{e}$ [5, Theorem 6.11]
([6] ).
1.8. $\kappa$ . $S$ $\subseteq$ $\kappa$ : $\alpha<\kappa\rangle$
, $f \in\prod_{n<\omega}H_{2}(n)$ , $\alpha<\kappa$ $f\subseteq\varphi_{\alpha}$
, $\mathfrak{y}\iota\leq\kappa$ .
, .
1.9. add $(N)=\iota_{H_{2}}’$ $\mathfrak{h}\mathrm{t}=\mathrm{a}\mathrm{d}\mathrm{d}(N)$ .
, add $(N)=$ =\mbox{\boldmath $\kappa$} , $\theta$ $\mathfrak{h}\mathrm{t}$ $\kappa$ .
CH , , ,
, $\omega_{2}$
, $\mathrm{c}=\aleph_{2}$ , add $(N)=\mathrm{I}=\aleph_{1}$ ,
$\theta_{*}$ $\mathfrak{h}\mathrm{t}$ $\aleph_{1}$ .





, , 1.1 [7] . ,
[2] , – , , ,
- .
$\mathcal{X}$ , $\mathcal{X}$ $\mathcal{X}\cross \mathcal{X}$ $\omega$
.
11 . $\kappa\geq\aleph_{2}$ . $A$ $\mathcal{X}\cross \mathcal{X}$ ( ,
$\mathcal{X}$ 2 ) $\mathbb{C}(\kappa)$ - , $\langle\dot{r}_{\alpha} : \alpha<\omega\rangle$ , $\mathcal{X}$ (
) C(\mbox{\boldmath $\kappa$})- .






. , $\mathbb{C}(\kappa)$ $p$ ,
$p|\vdash_{\mathbb{C}(\kappa)}\forall\alpha<\omega_{2}\forall\beta<\omega_{2}(\alpha<\betaarrow\langle\dot{r}_{\alpha},\dot{r}_{\beta}\rangle\in\dot{A})$ $(*)$
, $p$ .
$\alpha,$ $\beta<\omega_{2}$ , $\alpha<\beta$ $p|\vdash_{\text{ }(\kappa)}\langle\dot{r}_{\beta},\dot{r}_{\alpha}\rangle\in A$ ,
. $\alpha,$ $\beta$ , (isomorphism-of-names
argument) .
$\sqrt=\mathrm{d}\circ \mathrm{m}(pp)$ . $\mathbb{C}(\kappa)$ , $J_{A}\in[\kappa]^{\aleph_{0}}$ , $\omega$
(ffice) $\mathbb{C}(J_{A})$- *ll $\dot{C}_{A}$ ,
$|\vdash_{\mathbb{C}(\kappa)}$
“$\dot{C}_{A}$ $\dot{A}$ ’?
$*11$ (nice name) [8] .
24





. $\Delta-$ [8, II Theorem 1.6] , $S\in[\kappa]^{\aleph_{0}}$
$K\in[\omega_{2}]^{\mathrm{N}_{2}}$ , $\alpha,$ $\beta\in K$ $\alpha\neq\beta$ $J_{\mathrm{p}}\cup J_{A}\cup(J_{\alpha}\cap J\rho)\subseteq S$
. , ( $K$ ) $\alpha\in K$
$|J_{\alpha}\backslash S|=\aleph_{0}$ . $\alpha\in K$ , $J_{\alpha}\backslash S$ $\langle\delta_{\mathrm{n}}^{\alpha} : n<\omega\rangle$
.
$\alpha,$ $\beta\in K$ , $\mathbb{C}(\kappa)$ $\sigma_{\alpha,\beta}$ , $n$ , $\delta_{n}^{\alpha}$ $\delta_{n}^{\beta}$
. $\sigma_{\alpha,\beta}$ , C(\mbox{\boldmath $\kappa$})-
. , $\sigma_{\alpha},\rho$ .
$\sqrt p\cup J_{A}\subseteq S$ , $\alpha,$ $\beta\in K$ , $\sigma_{\alpha,\beta}(p)=p,$ $\sigma_{\alpha,\beta}(\dot{C}_{A})=\dot{C}_{A}$
$1\vdash_{\text{ }(\kappa)}\sigma_{\alpha,\beta}(\dot{A})=\dot{A}$ .
, $|K|=\aleph_{2}$ , – , index set
$\mathrm{c}=\aleph_{1}$ , , index set $S$ $J_{\alpha}\backslash S$
.
, $\alpha\in K$ $\aleph_{2}$ $\dot{r}_{\alpha}$ , ,
$\aleph_{1}$ . , $\sigma_{\alpha},\rho$
, . , $\alpha,$ $\beta\in K$ ( $\alpha<\beta$ ) ,






$(*)$ , $p\mathrm{I}\vdash_{\text{ }(\hslash)}\langle\dot{r}_{\alpha},\dot{r}_{\beta}\rangle\in\dot{A}$ . , $\sigma_{\alpha},\rho$ $\mathbb{C}(\kappa)$
,
$\sigma_{\alpha,\beta}(p)1\vdash_{\mathbb{C}(\kappa)}\langle\sigma_{\alpha,\beta}(\dot{r}_{\alpha}), \sigma_{\alpha,\beta}(\dot{r}_{\beta})\rangle\in\sigma_{\alpha,\beta}(\dot{A})$
. t $p1\vdash_{\mathbb{C}(\kappa)}\langle\dot{r}_{\beta},\dot{r}_{\alpha}\rangle\in$ .
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